A new type of non-Abelian generalization of the Born-Infeld action is proposed, in which the spacetime indices and group indices are combined. The action is manifestly Lorentz and gauge invariant. In its power expansion, the lowest order term is the Yang-Mills action and the second term corresponds to the bosonic stringy correction to this action. Solutions of the Euler-Lagrange equation for the SU(2) case are considered and we show that there exists an instanton-like solution which has winding number one and finite action. *
Introduction
The Born-Infeld action [1] has been of renewed attention for reasons connected with M/string theory, but perhaps interest has also been enhanced by its compact and elegant form. There have been several proposals for the non-Abelian generalization of the Born-Infeld action by taking either a trace [2] , an anti-symmetrized trace [3] or a symmetrized trace [4] of the group indices after formally expanding the ordinary Born-Infeld Lagrangian with the non-Abelian gauge fields substituted. In particular, the anti-symmetrized trace structure generates only odd powers of the field strength, F , while the symmetrized trace structure gives only even powers. Bosonic stringy corrections to the Yang-Mills action give a F 3 term at the lowest order [5] while for superstring theory the cubic term is absent [6, 7] . However, the issue as to what is the natural non-Abelian generalization of the Born-Infeld action does not seem to have been resolved fully yet [8] .
In this paper, we propose a different non-Abelian generalization of the Born-Infeld action for SU(N) gauge fields, where the spacetime indices and group indices are combined together. The action is manifestly Lorentz and gauge invariant. In its power expansion, the lowest order term is the Yang-Mills action and the second term corresponds to the bosonic stringy correction to this action. Solutions of the Euler-Lagrange equation for the SU (2) case are considered 1 and we show that there exists an instanton-like solution which has winding number one and finite action.
Non-Abelian Born-Infeld Lagrangian
The generators of the SU(N) group in the fundamental representation,
2 − 1, may be chosen conventionally to satisfy
where d abc , f abc are real and totally symmetric, anti-symmetric over the indices, a, b, c.
and a completeness relation follows from the fact that {1,
The gauge field, A µ , is Lie algebra valued
and the field strength is given by
In this paper, we regard the field strength, F , as a Nd × Nd matrix acting on
spacetime , where d is the spacetime dimension, by pairing the spacetime index, µ, and group index, α, together
We also expand the spacetime metric, g µν , to a Nd × Nd matrix
The non-Abelian Yang-Mills kinetic term is then
where F is a Nd × Nd matrix given by
Tr and Det indicate the trace and determinant of Nd × Nd matrices. The proposed non-Abelian generalization of the Born-Infeld Lagrangian is then
where κ is a coupling constant. In the second line we have used the identity, DetM = exp(Tr ln M). The Lagrangian, L, (2.10) is clearly real and gauge invariant. 2 The lowest order term or 2 Note that G, F are hermitian.
κ → 0 limit corresponds to the ordinary Yang-Mills action (2.8).
3
From eq.(2.1) we can calculate the traces appearing in eq.(2.10)
) From now on we restrict to flat spacetime with the metric η. If we define
The energy-momentum tensor may be given either by Noether procedure
(2.14) 3 We also note that the cubic term is identical with the bosonic stringy correction to the Yang-Mills action [5] . 4 We define
or by taking variation with respect to the metric
15) The last equality in eq.(2.15) comes from observing
The difference between T µν N and T µν g is with eq.(2.13)
which is consistent with the energy-momentum tensor conservation
SU(2) Action in Four-dimensional Euclidean Space
We now consider the gauge group SU(2) and also restrict to four-dimensional Euclidean space, x 0 → −ix 4 , η µν = δ µν so that upper and lower Lorentz indices may be identified. We take
where σ a , a = 1, 2, 3 are Pauli matrices. If we define E µα, νβ = δ µν ǫ αβ with a 2 × 2 anti-symmetric matrix, ǫ, then from ǫσ
Using this for the SU(2) case, the Lagrangian (2.10), L → −L E , becomes
Now we seek an SO(4) invariant solution in four-dimensional Euclidean space by adopting the ansatz of [10]
where r = x 2 + x 2 4 . After some calculation, we get
and
where
Using the Bianchi identity
the equation of motion (2.13) gives a second order differential equation
With the ansatz (3.3) the action becomes
One may verify that the equation of motion for this one-dimensional action is identical to eq.(3.9). If we denote the k dependence of the solution explicitly as f (r, κ) then from eq.(3.9) we get the following scale property
In fact by letting r/ √ κ → r it is easy to see that κ can be removed from the action so that effectively we may take κ = 1. We have not been able to obtain an analytic solution of eq.(3.9) for κ = 0. However, it is easy to see that there are three stationary solutions
The action (3.10a) is infinity for f = 
The instanton solution for the Yang-Mills action is of the exact form
which may be obtained by solving X = −Y . Now if we write f for large r as
and substitute this expression into eq.(3.9) then we get α = −2, λ = 0, 1. Choosing λ = 1 and κ = 1 we get an instanton-like solution
where a is a free parameter. A similar analysis can be done for small r and gives
where b is a free parameter. If eqs.(3.16, 3.17) are well defined for r ≥ s, r ≤ s respectively and there exist constants a, b such that
, then the instanton/anti-instanton-like solutions 5 See the appendix for some analysis of the linearized version of eq.(3.9) around the stationary solutions.
are well defined globally. As r → ∞, we have f → 1 for the instanton-like solution (3.16) and hence 
and the first term gives the Cartan-Maurer form as a surface integral which depends on only the value of f at infinity while the second term vanishes [11] . Thus our instanton-like solution has the same winding number as the ordinary instanton solution in the Yang-Mills action, which is one
A similar analysis can be done for the anti-instanton-like solution, where A µ (x) has the same singularity at the origin as the ordinary anti-instanton solution of the Yang-Mills theory. Hence the winding number is minus one.
Some numerical analysis also support this result. Furthermore the action, S, seems 8 to have the exact value, 8π 2 . where c, r o are free parameters.
